Abstract. A complete characterization of the class of graphs that admit a cylindric visibility representation is presented, where vertices are represented by intervals parallel to the axis ofthe cylinder and the edges correspond to pairs of visible intervals. Moreover, linear time algorithms are given for testing the existence of and constructing such a representation. Important applications of cylindric visibility representations can be found in the layout of regular VLSI circuits, such as linear systolic arrays and bit-slice architectures. Also, alternative "dual" characterizations are presented of the graphs that admit visibility representations in the plane and in the cylinder. It is interesting to observe that neither of these two classes is contained in the other, although they have a nonempty intersection.
1. Introduction. The concept of visibility plays a fundamental role in a variety of geometric applications 10 ]. Ofparticular interest are the problems dealing with visibility graphs between parallel intervals, which have various applications in VLSI layout [4 ] , 7 15 ]. The combinatorial properties of these graphs have also been extensively investigated 2 ], [14] , [17] , [19] . Visibility graphs also arise in the well-known hidden-surface elimination problem for two-and three-dimensional figures.
Let I be a set of parallel intervals in the plane, where an interval is a segment that might or might not contain one or both of its endpoints. Two intervals are said to be visible if they can be joined by a line orthogonal to them that does not intersect any other interval of I. The visibility graph of I is the graph whose vertices are the intervals of I, and whose edges connect pairs of visible intervals. Conversely, a visibility representation for a graph G is a set of intervals whose visibility graph is isomorphic to G. It has been shown that G admits a visibility representation in the plane if and only if there exists a planar embedding for G such that all the cutpoints appear on the boundary of the same face 14 ], 19 ]. Furthermore, such a representation can be constructed in linear time 14 ] .
In this paper we consider visibility on a cylindric surface, where vertices are associated with intervals parallel to the axis of the cylinder. Namely, we present a characterization of the class of graphs that admit a visibility representation in the cylinder, and give linear time algorithms for testing the existence of and constructing such a representation. Important applications of cylindric visibility representations can be found in the layout of regular VLSI circuits, such as linear systolic arrays and bit-slice architectures [9 ] . Also, we present alternative "dual" characterizations of the graphs that admit visibility representations in the plane and in the cylinder. It is interesting to observe that neither of these two classes is contained in the other, but they have a nonempty intersection.
A graph admits a visibility representation in the plane or cylinder if and only if all its connected components do. Hence, in this paper we only consider connected graphs. Let G (V, E) be a connected graph. A cutpoint of G is a vertex whose removal disconnects G. If G has at least one cutpoint, it is said to be 1-connected; otherwise, it is said to be 2-connected. A block of G is a maximal 2-connected subgraph of G. The block-cutpoint tree T of G is the graph whose vertices are the blocks and the cutpoints of G, and whose edges connect every block B to the cutpoints contained in B. T can be constructed in O(I El ) time by using depth-first search 3 ]. A caterpillar is a tree whose nonleaf vertices form a path. Figure (a) shows a graph whose block-cutpoint tree, given in Fig. (b) , is a caterpillar. Blocks and cutpoints are represented by large and small circles, respectively.
We show that a graph admits a cylindric visibility representation if and only if it is planar and its block-cutpoint tree is a caterpillar. We present linear time algorithms for testing the existence of and constructing a cylindric visibility representation for a given graph. Also, we characterize visibility representations in the plane and in the cylinder by means of the block-cutpoint trees of the dual graphs. Namely, we show that a planar graph G admits (i) a planar visibility representation if and only if it admits a dual graph G* whose block-cutpoint tree is a star; and (ii) a cylindric visibility representation if and only if it admits a dual graph G* whose block-cutpoint tree is a path.
Note that there exist planar graphs whose block-cutpoint tree is a caterpillar and such that in no planar embedding all the cutpoints appear on the boundary of the same face. Indeed, this is the case for the graph of Fig. 1 . Conversely, the existence ofa visibility representation in the plane does not impose any restriction on the structure ofthe blockcutpoint tree. For example, Fig. 2 (a) shows a graph that admits a visibility representation in the plane, but whose block-cutpoint tree ( Fig. 2(b) ) is not a caterpillar. Therefore, visibility in the plane does not imply visibility in the cylinder, and vice versa.
In the next section we introduce the concept of cylindric orientation and show its relation with cylindric visibility representations. In 3 we present a linear time algorithm that constructs a cylindric visibility representation for any 2-connected planar graph. The characterization of cylindric visibility representations is given in 4. Finally, the dual characterizations are presented in 5.
2. Cylindric orientations. An (infinite) cylinder C is the locus of points at the same distance from a straight line, called the axis of the cylinder. A cylinder is also the union ofan infinite family ofcircles with their center on the axis and drawn on a plane orthogonal to the axis. Alternatively, C is the union of an infinite family of lines parallel to the axis, and at the same distance from it. The circles and lines of C naturally define a coordinate system, since every point of C is the unique intersection of a line and a circle. Every point of C will be denoted by a pair (x, 0), where x is measured on the axis and 0 is the angle with respect to some reference line and some "clockwise" orientation, with 0 =< 0 < 2r.
We will consider cylindric embeddings of graphs, where vertices are mapped into points of the cylinder, and edges are mapped into nonintersecting Jordan curves on the cylinder. Clearly, a graph admits a cylindric embedding if and only if it is planar. Unlike planar embeddings, cylindric embeddings can have two unbounded faces, which are referred to as the lefimostface and rightmost face of the embedding.
Let I' be a cylindric embedding with distinct leftmost and rightmost faces. A cycle 3' of I' is said to wrap around cylinder C if it intersects any Jordan curve on the surface of C with endpoints in the leftmost and rightmost faces of I', respectively. In other words, the removal of 3" disconnects C into two unbounded pieces. A cylindric orientation I" of I' is an orientation of the edges of I' such that:
(1) I" has no sources (vertices without incoming edges) and no sinks (vertices without outgoing edges);
(2) every directed cycle wraps around C in the clockwise direction.
The following lemma gives two important properties of cylindric orientations. It can be proved using arguments similar to the ones in the proof of Lemmas RIGHT (v) is the face to the fight of the rightmost incoming and outgoing edges (see Fig. 3(a) ). An interval of cylinder C is a topologically connected subset of a line of C. An arc of C is a topologically connected subset of a circle of C. Let I be a set of disjoint intervals of C. Two intervals i and i2 of I are said to be visible if there is an arc a of C with endpoints on i and i2 that does not intersect any other interval of I. Arc a is said to be a visibility arc between i and i2 and is directed according to the clockwise orientation. In other words, let 01 and 02 be the angles of i and i2, respectively, with 01 < 02 if a does not intersect the reference line than we direct a from i to i; otherwise, we direct a from i2 to il. sentation for the graph of Fig. 4(a) . Note that the top and bottom heavy lines represent the same line of the cylinder, say the reference line. From K we can construct a cylindric orientation I' by shrinking every vertex interval into a point and accordingly deforming the visibility arcs, as shown in Fig. 4(c) . Note that the undirected graph obtained from I' by ignoring the edge directions and the double edges is isomorphic to G. The above construction shows that any graph that admits a cylindric visibility representation must be planar.
Given a planar embedding II of a 2-connected planar graph G, and two distinct faces fl and f2 of II, we can construct a cylindric orientation r of G with the same topology as II, leftmost face fl, and rightmost face f2.
ALGORITHM CYL-ORIENT. Input: A 2-connected n-vertex planar graph G (V, E), with n >_-3. A planar embedding II for G, and two distinct faces fl and f2 of II.
Output: A cylindric orientation I' of G with the same topology as II, leftmost face f, and rightmost face f2.
Embed II on the surface of a sphere.
(2) Pierce two holes in the sphere inside faces f and f2, and deform the pierced sphere into a cylinder. This gives a cylindrical embedding II'.
(Note that faces fl and f2 might share one or more vertices and/or edges. This, however, does not affect the rest of the algorithm.) (3) Orient the edges on the boundary of face fl in the clockwise direction. Mark face fl as "oriented." (4) Let f be an unmarked face that is adjacent to a marked face. Since G is 2-connected, the edges on the boundary of f can be partitioned into two simple paths, 3/1 and 3 '2, where 3"1 contains the oriented edges, and 3"2 contains the unoriented edges. Let u and v be the common endpoints of these two paths such that 3"1 is directed from u to v. We orient all the edges of 3"2 in the direction from u to v. This step is repeated until all faces are marked.
(Note that this process is essentially a visit of the dual graph.) THEOREM (The ordering a will be used for determining the 0-coordinates ofthe vertex intervals and the visibility arcs.) (4) Compute a topological ordering/3 on I'*.
(The ordering/3 will be used for determining the x-coordinates ofthe vertex intervals and the visibility arcs.) draw a visibility arc directed from (x, a(u)Oo)to (x, a(v)00); endfor; An example of the construction performed by Algorithm VISIB-2C is shown in Fig. 5: Fig. 5 (a) shows a planar embedding of a 2-connected graph G; Fig. 5 (b) shows the cylindric orientation I' computed in step l, in heavy lines, and its dual I'* computed in step 2; primal and dual vertices are labeled with the value of the corresponding topological ordering, computed in Step 3 or 4; finally, Fig. 5 (c) We define a section of a cylinder C as the portion of C generated by the rotation of an interval of C around the axis. Fig. 6(a) ). From Lemma 3, at least two of these cutpoints, say c and c2, are both on the same side of the section generated by c, i.e., either their left endpoints are on the left of xL or their fight endpoints are on the fight of XR. Without loss of generality, assume the first case. There must be vertices v in B and v2 in B2 whose vertex intervals intersect the circle of the cylinder at abscissa xz (see Fig. 6 (b) ). By Lemma 2,  there is a cycle of G associated with this circle. Clearly, such cycle contains vertices from both B and B2, which is a contradiction to the fact that B and B. are distinct blocks. In this case B contains exactly one cutpoint c of G. We construct KB such that both the leftmost and rightmost faces of K contain the cutpoint c. This can be done by selecting faces f and f2 in Algorithm VISIB-2C as two faces containing c. Note that all the vertex intervals of K are contained in the section of c. The time complexity of the construction described in the proof of Theorem 3 is analyzed as follows. Let n be the number of vertices of G. Now, suppose that G admits a cylindric visibility representation, and consider the one constructed in the proof of Theorem 3. By construction, for every block B, the rest of the cylindric visibility representation is contained in the leftmost and rightmost faces of K. Shrink every vertex segment to obtain a cylindric embedding of G. The above property is preserved by this transformation, and hence the block-cutpoint tree of the dual graph G* is a simple path. It would be interesting to characterize the class of graphs that admit a toroidal visibility representation, where the intervals of I wrap around the torus in one way and visibility is defined by arcs wrapping around the torus in the other (orthogonal) way. In this case, the problem appears to be far more difficult, since the graphs that admit such a representation need not be planar.
